ON CHARACTERIZATIONS OF LINEAR GROUPS, II(")

BY
MICHIO SUZUKI

The main object of this paper is to characterize the linear fractional
group Gy in 2 variables over a finite field F of characteristic 2 by the properties
of involutions in it. Here by an involution we shall mean an element of order
2. Gy is isomorphic with the factor group of T', the totality of 3 X3 nonsingular
matrices over F, modulo its center A. It is easily seen that any involution of
T is conjugate to the involution I:

(1 0 0
I=/01 0
1 01

Let © be the totality of 3 X3 nonsingular matrices commuting with I. Then
Q is a group of order ¢®(¢—1)? consisting of triangular matrices with the
bottom main diagonal element equal to the top one. Hence in G, the central-
izer Ny of an involution has order ¢3(¢—1) and is isomorphic with the factor
group /A of @ modulo the center of I'. Our main theorem is the converse to
this statement.

THEOREM. Let G be a finite group of even order and 1 be an involution of G.
If the centralizer of T is isomorphic with Q/A and if every involution of G is con-
jugate to T, then G is isomorphic with Go, the linear fractional group of 2 vari-
ables, with one exception. The exceptional case occurs when F has only two ele-
ments and in this case we have G=LF(3, 2) or G=24,.

A similar characterization of the linear fractional group in 2 variables
over a field of odd characteristic has been obtained by R. Brauer in the case
that the ground field has g elements with ¢g= —1 (mod 4) (cf. [2; 2*]).

1. In this section we shall consider the group ©/A and derive several
properties of this group which will be used in the subsequent argument.

Throughout this section IV, stands for the group Q/A. It is clear that N,
is isomorphic with the totality of 3 X3 matrices of the form

(1 0 O
M(a, B, v;8) =|a 6 O
B v 1
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where «, 8, v and 6520 are elements of a finite field F of characteristic 2. We
take Ny as the totality of M(«a, 8, v; ). Let g be the number of elements con-
tained in F so that ¢=2*~

The matrix multiplication may be written as

M(e, B, v; M, 8, v';8) = M, 8",~"; 8")
where

all = a _|_ Ba/’ ﬁ” — ‘3 + ‘YOl’ + 61’ ,YII — ‘yal + _yl and 6// — 66,.

Hence the mapping ¢ of N defined by ¢(M (e, 8,7; 8)) =8 is a homomorphism
of N, onto the multiplicative group of nonzero elements of F. The kernel of
¢ is the totality of M (e, B, v; 1) and is of course a 2-group of order ¢3. Thus
we have the following proposition.

(I) Ny contains a normal subgroup Q of order ¢® and the factor group
No/Q is a cyclic group of order ¢—1.

Furthermore from the matrix multiplication we conclude the following
propositions, which may be proved by computation.

(I) M(e, B, v; 1)2=M(0, ay, 0; 1). In particular M(e, B, v; 1) is an in-
volution if ey =0; otherwise the order is 4.

(III) The center C ot Q is of order ¢ consisting of elements M (0, 8, 0; 1),
and C is the center of N,.

(IV) The centralizer of each element 1 of N, with an order a divisor of
g—1 is an abelian group of order ¢(¢—1).

(V) The centralizer of each element of order 4 in Ny is an abelian group
of order ¢2.

Let P be the subgroup of Q consisting of matrices M(a, 8, 0; 1) and L be
the subgroup corresponding to the totality of matrices M (0, 8, v; 1).

(VI) Both P and L are abelian groups of order ¢? consisting of elements
of order =2. They are normal in Q.

(VII) Every involution of Ny is contained in either P or L and the inter-
section of P and L is the center C.

These two propositions are obvious from the property (II) and the defini-
tion of P and L.

(VIII) Involutions of P not contained in C are conjugate to each other
in No. The same property holds for L.

Proof. We have M(0, 0, \; 6~1)~'= M (0, 0, 6\; &) and

M0, 0, \; )M (a, B, 0; 1)M(0, 0, 8); 8) = M(5~'a, e + B, 0; 1).

Hence if M(a, 8, 0; 1) is not in C then a0 and we may take A and é in such
a way that §=a and Aa+83=0. Hence every involution of P not contained
in C is conjugate to M(1, 0, 0; 1) and this is the statement (VIII).

Since Q=P\UL, Q/C is a direct product of P/C and L/C.

(IX) The factor group Q/C is an abelian group of order ¢* and of type
@ -, 2).
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Finally we shall prove the following proposition.

(X) The commutator subgroup of N, is Q if ¢>2.

Since No/Q is a cyclic group the commutator subgroup Ny of Ny is a
part of Q. Since M(a—1, 3, 0; 1)M(1, 0, 0; 1) = M(e, B8, 0; 1), we see that if
a#1 and 0, M(e, B, 0; 1) is a commutator in N, (cf. the computation in
(VIII)). If ¢>2, the field F contains an element « which is neither 0 nor 1.
Then M(e, 8,0; 1) is an involution of P which is not in C and is a commutator.
Hence by (VIII) every involution of P not contained in C is a commutator.
Thus the commutator subgroup NJ contains P. Similarly L is a part of N{
and hence Q=P ULCN{.

2. Let G be a finite group of even order, and 7 be an involution of G.
In the rest of this paper we assume the two conditions (A) and (B):

(A) the centralizer Ny of 7 in G is isomorphic with Q/A;

(B) every involution of G is conjugate to 7 in G.

We shall use the same notations introduced in the first section; i.e. C
stands for the center of Ny, Q the 2-Sylow subgroup of N, and P or L is the
subgroup of Q as defined in the §1.

ProrosiTION 1. Q 25 a 2-Sylow subgroup of G.

Proof. By way of contradiction suppose that Q is a proper subgroup of a
2-Sylow subgroup Q* of G. We can take a subgroup Q' of Q* such that
[Q": Q]=2. By a property of 2-groups Q is a normal subgroup of Q’. Since
C is the center of Q, it is a characteristic subgroup of Q. Hence C is a normal
subgroup of Q’. Again by a property of 2-groups we see that C contains a
central element 7'#1 of Q'. By the assumption (B) 7’ is conjugate to 7 in
G and hence the centralizer of 7’ is isomorphic with N,. Since 7’ is in the
center of Q' we conclude that a 2-Sylow subgroup of the normalizer of 7’ has
a greater order than Q. This is impossible.

PROPOSITION 2. P is never conjugate to L in G.

Proof. By way of contradiction suppose that there is an element 7EG
such that #Pr—!= L. Then wQnr—' and Q are 2-Sylow subgroups of the normal-
izer of L by (VI) and Proposition 1. Hence there is an element p such that
pLp~'=L and prQr~p~!=Q. Put 0 =pw. We have ¢ Po—1=prPr—lp~t=pLp-!
=L and 0Qo~!=Q. Hence cLo~! is a subgroup of Q consisting of elements of
order £2. By the property (VII) of the first section ¢Lo—!=P. Hence some
power o1 of ¢ has an order a power of 2 and still exchanges P and L. Q and
g1 generate a 2-group. By Proposition 1 Q is a 2-Sylow subgroup of G and
hence Q contains a;. Since both P and L are normal subgroups of Q by (VI)
of §1, we get a contradiction.

3. If ¢=2, the group N, is a dihedral group of order 8. Hence N, contains
an element 7 of order 4 such that 7 =2 Since N, is the centralizer of 7 in
G, the centralizer of 7 in G is a part of Ny and hence coincides with the cyclic
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group generated by w. The structure of a finite group possessing such a
property is known (cf. [7]). From the results of [7] we conclude that Gis
isomorphic with either LF(2, 7)=LF(3, 2) or LF(2, 9)=2A;, the alternating
group on six letters. In fact a direct proof of this result can be carried through
by using a method similar to the one in [7] and it is much easier. We shall
however not enter in this special case. Hereafter we assume in addition to the
assumptions (A) and (B) the following one:

(C) q is greater than 2.

4. Let M be the normalizer of the subgroup P in G. We want to prove
the following proposition in this section.

PropoSITION 3. The factor group M/ P is isomorphic with the general linear
group consisting of all the 2 X2 nonsingular matrices over F.

First of all we consider the normalizer of Q in G.

PROPOSITION 4. Let N be the normalizer of a 2-Sylow subgroup Q of G. Then

Proof. If 7/ is an involution of C, 7’ is conjugate to 7 in G. By a lemma of
Burnside [4, §123] 7’ is conjugate to 7 in N. Hence [N: No]2g—1. On the
other hand if ¢ and ¢’ are two elements of N which transform 7 into 7/,
then ¢ and ¢’ are in the same coset modulo N,. Hence [N: No]<g—1, whence
the equality follows.

PROPOSITION 5. If Q and Q' are two different 2-Sylow subgroups of G con-
taining P, then we have QMQ’ = P.

Proof. By way of contradiction suppose that the intersection D =QMNQ’
contains P as a proper subgroup. Then Lo=DML contains C properly. Since
Q/C is abelian by (IX) of the first section L, is a normal subgroup of D. Since
every involution of D is either in P or Lo, C= L¢P is a characteristic sub-
group of D. This implies that C is a normal subgroup of Q’. By a property of
2-groups C contains a central element 7’ of Q'. Hence the centralizer of 7’
contains Q. On the other hand the centralizer of 7’ is Ny which contains Q
as a normal subgroup. We have therefore Q=0Q'.

We now prove Proposition 3. The group Q/P is a 2-Sylow subgroup of
M/P. By the assumption (C) ¢ is greater than 2. Hence Q/P is not cyclic
by (IX) of §1. We shall show that Q/P is not a normal subgroup of M/P.
By the assumption (B) a central involution 7 of Q is conjugate to an involu-
tion 7, of P is not contained in C. The centralizer of 7, contains a normal sub-
group Qi of order ¢*. Q1 is a 2-Sylow subgroup of G containing P. Since 7
is not in the center of Q by (III) of the first section @ is different from Q.
Hence Qi/P is another 2-Sylow subgroup of M/P, which shows the non-
normality of Q/P. Next we shall prove that the centralizer of any involution
in M/P is abelian. Take any involution 7’ of Q/P and consider the centralizer
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of 7/ in M/P. This centralizer has the form U/P where U is a subgroup of G.
If &U, Q/P and ¢Qo~1/P are two 2-Sylow subgroups of M/P containing
7’. Hence QMoQa~'DP. By Proposition 5 we have Q=0Qo~1; i.e. U is con-
tained in the normalizer NV of Q. By the splitting theorem of Schur [9, p. 125]
U contains a subgroup V such that U=QV and QM V =e. V is then a group
of odd order. Let T/P be the subgroup generated by 7’. V is considered as
an operator domain actingon I'. Ty = T\ L is abelian group of type (2, - - -, 2)
and contains all the involutions of 7 not in P. Hence T} is left invariant by V.
The group T3 is completely decomposable as a V-module. Since C is an in-
variant subgroup of 7Ti, 7: contains a subgroup 7T such that 7T7=T.C,
T2N\C=e and T, is V-invariant. The isomorphism theorem yields T.=~T,/C
=~T/P. Hence T3 is a group of order 2 generated by an involution 7,. Since
T, is V-invariant, 7, commutes with every element of V. Thus V is a subgroup
of odd order contained in the centralizer N, of 7,. By assumptions (A) and
(B) Vis a cyclic group. The center C; of N, is an abelian group of order ¢
contained in L (cf. (IIT) and (VII)). Since C2N\C=¢, we have L= C,\JC. The
subgroup V\UC,; is an abelian group by (IV) of the first section. We have
PUVUC)=PUCIV=PULUV=0QUV=U. By the isomorphism theo-
rem we assert that U/P=(C.\JV)/(C.J V)P, and U/P is abelian. Thus
we have shown the commutativity of the centralizer of any involution in
M/P.

By the main theorem of [8] M/P is a direct product of a linear fractional
group LF(2, 2*) and an abelian group 4 of odd order. Since Q/P is a 2-Sylow
subgroup the linear group which is a direct factor must be LF(2, ¢). The
centralizers of involutions are direct products of 2-Sylow subgroups and 4.
In our case U/P=(Q/P)X(VP/P). Hence A=V. The normalizer of a 2-
Sylow subgroup of M/P has the form N/P, where N is the normalizer of a
2-Sylow subgroup of G. Hence by the Proposition 4 it has an order g(g—1)2.
On the other hand this normalizer is a direct product of V/P/P and a subgroup
of order g(¢—1). Hence the order of V is ¢—1. Since V is cyclic M/P is
isomorphic with the general linear group consisting of all the 2X2 non-
singular matrices over F.

5. The object of this section is to determine the order of G using the result
of §2 of [8].

Let V be the subgroup of order ¢—1 defined in the previous section. Put
W=PYV. From the result of the preceding section W/P is the center of
M/P. In particular W is a normal subgroup of M. Let H be the normalizer
of Vin M. If p€M, pVp~! is a subgroup of W. Since W=PV and Pisa
normal subgroup, we may apply Theorem 26 of [9, p. 126] to see that
pVp~* and V are conjugate in W; there is an element w of W such that
wpVp~wr=V. Thus mpEH; in other words M= WH. Since HDOV, M=WH
=PVH=PH. We shall show that HN\P=e¢, If HNP>e, HNP contains
an involution 7, which commutes with every element of V. Then the central-
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izer N; of 71 in G contains V. Hence N; contains P\UV=TW. On the other
hand P is a normal subgroup of N; and hence N1 C M. Since W is a normal
subgroup of M, W is also a normal subgroup of N;. Since N;=Q:W with the
2-Sylow subgroup Q, of Ni, the factor group N:;/W is an abelian group,
which contradicts (X) of the first section. Hence by the isomorphism theorem
H>~=M/P=~LF(2, q)XV.

We want to apply Propositions 5 and 6 of [8] to M and V. The second
assumption in these propositions is satisfied because of our assumptions (A)
and (B). The third one follows trivially since the order of V is ¢—1. As for
the first condition we need only to show that H is the normalizer of any sub-
group Vo#e of V. First of all we prove the following proposition.

PRroPOSITION 6. If X is a 2-Sylow subgroup of H, X is a 2-Sylow subgroup of
the centralizer of V.

Proof. Let 7 be an involution contained in X. By the assumptions (A)
and (B) of the second section of this paper the centralizer of 7 in G isiso-
morphic with No. X is contained in a 2-Sylow subgroup Y of the centralizer
of V,. Since Vy5#e, Y does not contain elements of order 4 by (V) of the first
section. Hence Y consists of elements of order =2 and is abelian. Therefore
Y and V, are contained in the centralizer of 7. By (IV) the order of Y is not
greater than ¢;i.e. X=7Y.

PRrROPOSITION 7. The normalizer of Vo in G coincides with the centralizer of
Vo.

Proof. Suppose that two elements o and ¢’ of V, are conjugate: ¢’ =mor—,
Consider a 2-Sylow subgroup X of H. X is by Proposition 6 a 2-Sylow sub-
group of the centralizer of ¢ and at the same time of ¢’. Hence X and 7X7!
are two 2-Sylow subgroups of the centralizer of o’. There is an element p
such that po’ =0'p and X =prXn'p~L If 7 is an involution of X, 7 is con-
jugate to prrm—lp~1 in H which is a part of the centralizer of ¢’. Hence there
is an element p’ such that p’e’ =¢'p’ and 7=p’pwrrr—'p~'p’~1. This means that
o and ¢’ are conjugate in the centralizer of 7. By the structure of N, this
happens only if 0 =¢’. Thus our assertion has been proved.

Let H’ be the normalizer of V,in G. By Proposition 7 H' is the centralizer
of V,. Let 7 be any involution of H’. By Proposition 6 7 is conjugate in H’
to an element of H. Hence we assume 7 is an element of H. Let A be the
centralizer of 7 in H’. Thus A is the intersection of the centralizers of 7 and
1% E V,. By the property (IV) (together with assumptions (A) and (B))
we conclude that A4 is an abelian group of order ¢(¢—1). Again by the main
theorem of [8] H’ is a direct product of a linear group and an abelian group.
The linear group in the direct factor must be LF(2, ¢), while the abelian
part has order ¢—1. Comparing the orders we get H'=H.

We have proved that every assumption of Proposition 6 of [8] is satisfied.
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From this proposition we conclude that G has irreducible characters X and
V:(¢=1,2, - - -, t=q/2) satisfying relations X (¢) +e= Yi(o) (e= +1) for all
elements ¢ of an order relatively prime to ¢+1, and the order g of G is

g = n'm(g + Vf(f + o/k(f — 0)?

where 7 is the order of the centralizer of an involution 7 in G, hm(g+1) is the
order of some subgroup, m is an integer, m =1 (mod 2k), f is the degree of X,
h is the order of V and a=X(r). Moreover we have t=¢/2>1 and hence
f=e¢(mod m(g+1)). The congruence for m is a consequence of (iii) in Proposi-
tion 5 of [8]. In our case n=¢%(g—1) and h=¢—1. Thus

g=2¢¢— Dg+ Umf(f+ o/(f — )™

A 2-Sylow subgroup Q has an order ¢® and P is a subgroup of order ¢?
consisting of elements of order <2. It follows that g is divisible by ¢® and
f=a (mod ¢?). The last congruence is proved by summing X over P. Hence
the denominator in the expression of g is divisible by ¢*. Hence f(f+¢) must
be a multiple of g. Therefore ¢ divides f+¢€ or f. We distinguish two cases
accordingly.

Cask 1. g is a divisor of f+e. This case is proved to be impossible. Let
2* and 2’ be the highest power of 2 dividing f+e€ and f—a respectively. Put
f+e=2 and f—a=2"v. We have »=2u since f=a (mod ¢?), and A=u by
assumption, where 2¢=¢. We may write A=u+\" and v=2u+»’ (\’, »' 20).
Counting the exponent of 2 dividing the order formula we get

3u=6u+AN—2v=6p+u+N—4u—20=3u+ N — 2.

Suppose »=N. Then 2u+v" Su+N =u+2»" or u<y'. Hence we have
A, »=3u. Since f+e€ is the degree of V;, we have A<3u. Hence A=»=23y,
f+e=g* and f—a=g%. The character Y; is of the highest kind (cf. [3]) so
that it vanishes on 2-singular elements: Yi(7)=a+€e=0. Hence f+e=f—a
=g*. The order formula now reads g=g¢3(¢g—1)(g+1)m(q*u—¢€)/u. Since
(¢*—1)m is an order of a subgroup, ¢3(¢*» —¢€)/u is an integer. Since u is odd
we must have u=1. Since g is divisible by (¢—1)? and m=1 (mod ¢—1), we
conclude that ¢g®— e is divisible by ¢—1. Since g—1 =3, e must be 1. From the
congruence f=¢€ (mod g+1) we get ¢*=2 (mod ¢+1), or 3=0 (mod ¢+1).
This is impossible since we have assumed g>2.

Next assume that »>\. Let 7 be an element of order 4 of Q. Then the
centralizer of w in G has an order ¢% Hence every element of order 4 of N is
conjugate to 7 in N. Let b=X(m). The orthogonality relation yields that
f+(2¢2—g—1)a+q(g—1)%=0 (mod ¢*. Since f=a (mod ¢2) we get
a=b (mod ¢). This congruence is valid in any case. In Case I we have f+e
=0 (mod ¢). Hence a+e=f+e—(f—a)=0 (mod ¢). On the other hand
Yim)=b+e=a+e=0 (mod ¢). The orthogonality relation yields that
?=2 IX “(r)l ? where the summation ranges over all the irreducible char-
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acters of G. Hence ¢?=14024(b+¢€)2(¢/2)+ - - - . In particular (b+e)?
< g% Since b+e=0 (mod ¢) we get b+e=0. Summing Y; over Q we get
fH+e+(2¢2—g—1)(a+€)=0 (mod ¢?), or f—a+(a+¢€)g(2¢—1)=0 (mod ¢?).
Our assumption was » >\. By definition 2* is the highest power of 2 dividing
f+eand 2’ is the highest power of 2 dividing f —a. Since » >\, 2* is the highest
power of 2 dividing a+e. Hence A4pu is the exact exponent of 2 dividing
(a+€)g(2¢g—1). Since we have assumed » >N\, v is smaller than 3u. Hence we
have v=A+u and »'=0. We conclude therefore f+e=qu and f—a=g%.
Then a+e=qw where w=u—qv.

From the orthogonality relation it follows that Y., | X.(r)|2=g%(¢—1)
where the summation ranges over all the irreducible characters of G. Since
Yir)=a+te=qw we have ¢*w*(q/2)<q¢*(g—1) or w*<2(¢g—1). From the
order formula g=¢%(¢—1)(¢+1)mfqu/q"v?*=¢*(¢—1)(¢+1)mfu/v?. As before
fu=0 (mod ¢—1). Since f=qu—e¢, f and » have no common divisor. We may
write g—1=st, (s, t) =1, so that f=sf" and u=¢u'. Since (¢>—1)m is the order
of a subgroup v? is a divisor of fu. Let v =1,0,, vﬂf and ‘vgl u. Then v; and v, are
relatively prime. Moreover v is relatively prime to m(g+1) since
f=e€ (mod m(g+1)). The degree f of X is a divisor of g and therefore we con-
clude that 2% is a divisor of ¢—1. Since (f, #) =1, ¢} is a divisor of s. Similarly
v is prime to m(g—+1). Hence 7} is a divisor of ¢. Altogether we conclude that
v? is a divisor of ¢— 1. The congruence f—a+(a+€)g(2¢—1)=0 (mod ¢?3) im-
plies that g% +g(x—qv)q(2¢—1)=0 (mod ¢?) or v=u (mod ¢). Thus we have
three relations for # and v: #=v (mod g¢), v2|q—1 and (u—qv)?2<2(g—1). If
g>8, we get v=(¢—1)/2 and lu—qv[ =<(¢—1)/2. Hence u=(1+¢)v. If ¢=4
or 8, then v=1 and we get the same conclusion. This is however impossible
because f+e=qu=q(1+q)v=2¢ (mod m(14¢q)), or 2¢=0 (mod 1+q). Thus
we have shown the impossibility of Case I.

Cask 11. g is a divisor of f. We write as f=2" and f—a=2' with odd
integers # and ». By assumption A=p+\" and »=2u-+»" with non-negative
integers N\’ znd »'. Counting the exponent of 2 dividing both sides of the
order formula we get N’ =2»’. Suppose A <v. Then »' <u and 3u>». Use the
same argument as before. This time we get X(m)=b=0. The highest ex-
ponent of 2 dividing @ is N\. Hence as before A+u=» and »'=0. Thus f=qu,
f—a=g and a=g(x—gv). Using the orthogonality relation we get (x—gv)*
<2(g—1). This inequality may be proved as follows. Let w=u—gv. Then
a=qw. Hence a*+(a+e€)2(q/2) <g*(g—1); or 2qw?+(qw—1)2<2¢*(¢—1). If
w?>2(¢—1), then 2qw? — 2qgw+1 <0 which is impossible for integral values of
w. The congruence #=v (mod ¢) follows by summing X over Q. By the same
argument as in Case I we see that ? is a divisor of ¢—1. Hence u=(g+1)v
as before, which is again impossible.

Thus we must have A=». Hence A= 3u. Since f is a degree of X, NZ3u
and hence we get A\=3u and »' =u. We have now f=g%. X is therefore of the
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highest kind and hence vanishes on 2-singular elements. In particular X ()
=a=0. The order formula now reads g=¢*(¢—1)(¢+1)m(¢*u+¢€)/u. As be-
fore u is a divisor of ¢g*»+¢€ and hence u=1. Since ¢*+4e€ is a multiple of ¢—1,
e must be —1. The congruence f=—1 (mod m(g+1)) implies that m is a
divisor of ¢2—¢g+1. On the other hand m=1 (mod 2(¢—1)). We have there-
fore 2 —q+1=m{l(g—1)+1} = {2k(g—1) +1} {I(g—1)+1} or g=2kI(g—1)
+2k+1. Hence kl=0. We have either k=0 or /=0. This means that either
m=1 or m=¢*—q-+1. We have shown the validity of the following:

ProposITION 8. Let M be the normalizer of P (cf. Proposition 3). Then the
index of M 1s either ¢*+q+1 or ¢*+¢241.

6. In this section we consider the case [G: M]|=g¢*+q%+1, i.e. the case
m=g?*—q+1. This case turns out to be impossible. In order to prove the
impossibility we shall return to the situation of the §2 of [8].

As shown in §2 of [8] the normalizer R of a subgroup R, of order ¢+1 of
H is of order 2(¢g—1)m(¢+1). We may assume that RD V, the subgroup of
order ¢—1 defined in the §4. R contains a normal subgroup R; of order
2m(g+1) and R, has a normal subgroup R, of index 2. R, is an abelian group.
Every element #1 of V induces an automorphism of R,/R, which leaves
only the identity fixed. Hence every element 1 of Ry/R, has exactly ¢—1
elements which are conjugate under the action of V on Ry/R,. Hence every
characteristic subgroup of R./R, has an order congruent to 1 modulo ¢—1.
Since m=g%*—g+1<q? we conclude that R;/R, is characteristically simple.
This implies that m is a power of a prime number p: m = p». Suppose n>1.
Thenp*—1=(p—1)(p" '+ - - - +1)=g(¢g—1).If p=1(mod ), pr—12p?—1
=(p—-1)(p+1)=q(g+2)>q(g—1); a contradiction. Hence p»1+4 - - - +1
=n=0 (mod 2). Then pr—1=(r—1)(r4+1)=q(¢g—1). We get r=g=r+1
which is clearly impossible. Thus #=1 and m=¢?—q¢+1=p is a prime num-
ber.

Let 7 be an element of order p. From the result in [8, §2] it follows that
the centralizer of 7 is Rs. Hence p divides the order g to the first power only.
We may therefore apply the results of R. Brauer [1].

In [8, §2], we have shown G has irreducible characters &, =, Hi and
O; ¢t=1,2,---,t=¢q/2;k=1,2,---,qg—1;j=1,2,-++, s: s
=(m—1)(¢g+1)/2(g—1)=q(¢+1)/2) and all the rest of characters of G vanish
on p-singular elements. So they constitute the totality of irreducible char-
acters in the p-blocks of positive defect. By Theorem 8 of [1] G has exactly
2(g—1)+t(g—1)+s characters of degree not divisible by p. Hence we con-
clude that all the characters ®4, Ei, Hi and ©; are actually different. In
particular E and H, appear only in ¢}, in the notation of [8, §2]. Hence we
have Hi(0) =€/ and Hy(o) =¢{’ for 120 ER,. The formula for the coefficient
A (o) of {po) in the expansion of (r)? in the group ring is now
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A@0) = ((¢® + ¢ + Dm(g + 1)/¢*) qi {Z(nY/ E(D))el + (He(r)?/He(1))ed”

— (®a(n)Y/®a(1)) e} wi(o)

where p£1, p& Ry, 0 €V and wi(o) are the irreducible characters of V. Hence
using the orthogonality relation and the value of g we conclude that
(¢ — DEMH(1) — Ex()Hi())? = ¢E(HH(1)@ui(1). Let fi = Ei(1),
f2=Hk(1), al=:k('r) and (12=Hk(T). Then @;k(l)-—é(ﬁf]‘l'ézfz) where € = €,
e=¢/ and e,=¢;’. We have the relation

*) (¢ — D(aafr — a1f2)? = ¢*f1falesf1 + erfa).

As before we have f;=a; (mod ¢?). If b,(d,) is the value of Ex (or Hy) on
elements of order 4, b;=a; (mod ¢) and |b.~| <gq. Summing Z (or H;) over R;
we get fi+e:(¢*+1—1)+ai(g®*+1)=0 (mod 2(¢g*+1)). Set

fitegd+ag®+1) = 2ki(g® + 1).

Then 2k;=f;4+a,=2a; (mod ¢?). Hence fi=e;+(¢*+1)(ai—e;+1g?). In
order to simplify the notations we shall drop the suffix 7 for a while. If!
is negative, then a — e+ Ig? is negative (since [a| <¢*—1), which is impossible.
If I>1, a—et+lg®>q% Hence f*>(¢*+1)%*>¢*(¢—1)(¢*+1)(¢?—1)=¢g
which is impossible. If =1, then f=¢e+(¢*+1)(¢*+a—¢), f=¢*+a (mod ¢?)
and a £0. By summing & (or Hi) over Q we get

f+ Q¢ —q—1a+ (¢ — 2¢* + )b = 0 (mod ¢%),

or f—a+(2¢—1)g(a—b)=0 (mod ¢*). Hence a=b+¢ (mod ¢?). Since |b| <gq,
we get b+¢>0 and hence a =b-+g—gq? The degree f is now written as f=¢
+(?+1)(g+b—¢€)=(¢*+1)(¢+b) —eg®. f is a divisor of g. From the form
of f we see that (f, ¢*+1)=1 and f=b (mod ¢). If f=0 (mod ¢), we get
b=0 (mod q) and hence b=0. Then f=¢+¢*(g—¢€) isadivisor of g(¢—1)(¢®*~—1).
Since f=1+1—¢ (mod g—1), either f is relatively prime to ¢g—1 or (f, ¢—1)
=3. Hence 1+¢%(g—€) £3(¢*+g+1) or g—e<5. Hence ¢g=4 and e=1. The
value of f is 4-49 which is not a divisor of g. Hence f#0 (mod ¢). Let b =2,
c¢#0 (mod 2). Then 2*<g=2* Let ¢+b=x. f is a divisor of 2*(g—1)(g*—1).
We have therefore fh=2*(¢—1)(¢®—1) with some integer k. Reducing modulo
2%q we get k(g+b) =2 (mod 2%g). Hence A(2**+c¢)=1 (mod ¢). Hence we get
(1+kq)f=(1+kg){ (@*+1)x—eq®} =x(g—1)(¢*—1). Here k is a non-negative
integerand 1+kg="h(2**4c¢). If k=0, wehave (¢*+1)x —eg® =x(g—1)(¢*—1).
Hence 2¢3+1=(q¢—1)(¢*—1), or 4>¢ which is not the case. Hence £>0. If
e=—1, we get 1+kg>g—1 and (¢*+1)x+¢*>x(¢®—1) which contradict the
above equality. Hence e=1. Expanding both sides we get

¢x+ x — ¢® + ¢*kx + gkx — ¢*k = ¢'x — ¢°x — qx + x;
@?e—1)(x—1)+¢*(2x—1)+(k+1)x=¢*. Hence either k=1 or x=1. If
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k=1, 1+4qis a divisor of x(¢—1)(¢g*—1). Since (¢+1, ¢—1)=(¢+1, ¢*+¢+1)
=1, 1+4q is a divisor of x. Now 1+4¢ divides b—1=x—g—1. Since |b| <gq,
b=1 and x=1+g¢. Hence ¢?(2¢+1)+2(¢+1) =¢* which implies that ¢ is a
divisor of 2. This is not the case. If x=1, the degree f=(¢*+1) —¢*=1. This
implies that a= +1=1—¢? which is impossible. Thus in any case the as-
sumption /=1 leads to a contradiction. The only possible degree is of the
form f=e+(¢*+1)(a—e€) =a+q¢*(a—e).

Consider the relation (*). We have here f;=a;+¢%(a;—¢;) (¢=1, 2). Hence
asfi —arfo=q*(a1€2—a261). Let 2% (=1, 2) be the highest power of 2 dividing
a.. Assume that 2" <g®for1=1, 2. If A\; > N\,, a1€2 — a6, and €0, +€a; are divisi-
ble exactly by 2*:. Hence the exponent of 2 dividing the left hand side of (*)
is exactly 6u+2\., while the right side is divisible by only 3u-N\ 42X\,
< 6u+2N;. We get a similar contradiction in case of A <\, Suppose \i =\.. Let
2% and 2™ be the exact powers of 2 dividing €@+ €¢;1 and €0, — €20, respec-
tively. Both A; and A, are greater than \; but one of them is equal to A\, +1.
If Ns=N\1+1, then Ay>N;. Considering the exponents of 2 dividing both sides
of (*) we get 3u—+N+Na+Ns=06u~+2Ns>6u~+2N;, or Ay >3u~+1 which is im-
possible. If A;=7\;+41, then the exponent of 2 dividing ef; +e€fz is 3u+2. This
is impossible since e;f1+efs is a degree of an irreducible character. Thus at
least one of A;, say A, must be greater than 3u; in other words a; =0 (mod ¢%).
Since Iall <g? we have a;=0. Then the degree f1 is —eq? Hence fi=¢* and
€6.= —1. The relation (*) is now

@ — Daz= falerq — fo).

Since e¢°—fa>0, we have e,=1and f» <¢®. Hence fy=a:+¢%(a2— 1) =as(g*+1)
—g*<g?, which implies that a;=1 and f,=1.

Our result may be summarized as follows: In suitable notations the =; are
linear and Ei(7) =1, &/ =1, and the H; are of degree ¢ and ¢/’ = —1. Hence
the degree of ®;x is¢®*—1and ®;(7) = —1, .= — 1. For the element o of order 4
we have Fx(6) =1 and $.(¢) = — 1. From the values of characters we see that
Zx and Hy belong to the first p-block B of G. B contains ¢/2 more characters
which are p-conjugate to each other (cf. [1]). If © is one of the characters
in the exceptional family of B, ® must be one of the ®; in our notation. We
have a relation +®+ Y 8, Ec+ 2.6/ H:=0 valid for all p-regular elements.
Here 0x and 8/ are +1 and they are determined by the conditions E(1) =8
and H;(1)=6/ (mod p). Since p=¢g>—qg+1, we have & =1 and all the
0¢ = —1. Hence in particular for the element ¢ of order 4 we get +0(c)
=g¢—1. This is however impossible because ¢= ZI X.(o) | 223 |®,~(U)| 2
=q(¢—1)%/2. Hence

ProposiTION 9. The value of m must be 1.

7. From Proposition 9 we conclude the following proposition.
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ProrosiTION 10. Let G be a finite group satisfying conditions (A), (B) and
(C). Then the order of G is g=¢*(¢q—1)(g+1)(¢*—1). G contains a subgroup
M of index ¢*+q+1 which is the normalizer of an elementary abelian group P
of order g2.

Let P be the set of all conjugate subgroups of P. Since M is the normalizer
of P, P has exactly 14+¢+¢? elements. We have the following proposition.

ProrosiTiON 11. If Py and P are two different elements of P then Py Py=e.

Proof. Suppose PiN\Py=D s~e¢. There is an involution 7&D. The central-
izer of 7 contains a normal subgroup Q, of order ¢* which contains P; and Ps.
By Proposition 2 two different elementary abelian subgroups of order g% of Q,
are not conjugate in G. This is a contradiction.

PROPOSITION 12. G s represented faithfully as a permutation group I'(P)
on the set B. This permutation group I'(P) is doudbly transitive.

Proof. As is well known in the theory of transitive representations of
groups I'=T'(P) is isomorphic with the coset representation of G on the cosets
of M. The kernel of T is therefore the largest normal subgroup of G contained
in M. Consider a normal subgroup X of M. If XNP=e¢, X is contained in
the centralizer of P. On the other hand the centralizer of P coincides with P
itself. Hence X =e. Hence if X e, X must contain an involution 7 of P. If
X is the kernel of T, X contains all involutions of G by the assumption (B).
Since M is the normalizer of P, M contains all involutions of G. This is im-
possible since M contains at most (¢3—g¢?)(¢+1)+(g*—1)=(¢*—1)(¢*+1)
involutions, while G has exactly (¢>—1)(¢>*+¢-+1) involutions. Hence the
kernel of T consists of the identity only: in other words I is faithful.

We consider the normalizer N of Q. It is not too difficult to show that N
has (¢—1)? linear characters, 2(¢—1) characters of degree ¢—1, one with
degree (g—1)? and ¢—1 characters of degree ¢(¢—1). The faithful irreducible
representations are of degree ¢(¢—1). As a matrix representation I' has degree
¢*+g—+1. T certainly contains the principal character of G. Since I' is faithful
the decomposition of I' on N contains at least one faithful character of N.
Hence I' has an irreducible component X of degree = g(¢—1). Suppose
I'>%1+X; then I contains another character ¥ of degree =2g. The restriction
Y’ of ¥ to N does not contain any character of degree g(¢—1), since g(g—1)
>2q. This means that the representation with the character Y represents
every element of C by the unit matrix. Let G be the kernel of this representa-
tion. Then G, is a proper normal subgroup of G containing all the involutions
of G. Hence in particular G, contains a 2-Sylow subgroup Q of G. By a well-
known argument we conclude that G=GiN where N is the normalizer of Q.
By the isomorphism theorem we see that G/Gi=N/NMG.. Since NG con-
tains Q, G/G is abelian. Therefore the degree of Y is one. Since Y is a com-
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ponent of T, the restriction ¥Y”’ to M contains the principal character of M.
Hence Y" is the principal character. This implies that G2 M. Since NC M,
we conclude that G=G,N =G, M =G, which is a contradiction since G, is a
proper subgroup. Hence I'=14X and this is equivalent to the double transi-
tivity (cf. [4, §207]).

A similar proposition holds if we replace P by L.

ProrosiTioN 13. The normalizer of L in G has an index q*+q+1. G is
represented as a doubly transitive permutation group on the set of all conjugate
subgroups of L and this representation is faithful.

Our assumptions are symmetric with respect to P and L. So we get this
proposition by the same argument as in case of P just replacing P by L.

8. As before let Q be a 2-Sylow subgroup and P and L be two elementary
abelian subgroups of order ¢? (cf. §1). P is not conjugate to L (Proposition 2).
Let B () be the set of all conjugate subgroups of P (L). Hereafter we shall
call an element of P a point and an element of & a line. We want to define an
incidence relation between points and lines so that (P, ®) forms a projective
plane. Let P; be a point and L; a line. We shall say that P, is on L; or L;
passes through P, if and only if PiN\L;7e. From this definition it follows
easily that our incidence relation is symmetric with respect to points and
lines. Hence we have a duality.

PRrOPOSITION 14. The set ® = (B, ) with the incidence relation defined above
forms a projective plane.

Proof. We want to show that two lines have one and only one point in
common. Let P be a point. Then the normalizer M of P in G has 14¢
2-Sylow subgroups. Take two different 2-Sylow subgroups Q and Q’. Q con-
tains another elementary abelian subgroup L of order ¢2. Similarly Q' con-
tains L’. These subgroups L and L’ are lines. It is clear that both LNP and
L'MP have orders g and hence se¢. By the definition of incidence P is a com-
mon point of two lines L and L’. Suppose that P’ is a common point of L
and L’. Then we can take involutions 7 and 7/ of LNP’ and L'NP’ respec-
tively. The centralizer of 7 contains L and P’ and hence L and P’ are in the
same Sylow subgroup Q: of G. Similarly L’ and P’ are in the same Sylow
subgroup Qf of G. There is an element ¢ of G such that ePo~1=P’, 6Qo 1= Q,
and ¢Q'o~!= Q. (Note that the group M is triply transitive as a permutation
group of the 2-Sylow subgroups of M.) Hence ¢Lo~'=L and ¢L'e~'=L".
This means that P and P’ are conjugate in the subgroup M, consisting of
elements which leave L and L’ invariant. Using properties of the linear group
M/P we know that M, is a subgroup of order ¢*(¢—1)? and contains P as a
normal subgroup. This means P=P’. Hence P is the only common point of
L and L'. In general if we take two arbitrary lines L; and L,, G contains an
element p such that pLp~'=L, and pL’p~'=L, by Proposition 13. Clearly
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pPp~! is the only common point of L, and L, and our assertion is proved.

From the duality we conclude that two different points determine a unique
line passing through both points. From the above consideration a line con-
tains exactly 14¢ points. Since 1+¢-¢? is the total number of points, we
see that there exist four points no three of which are collinear. Hence @®
forms a projective plane.

ProrosITION 15. G is a subgroup of the collineation group of P.

This proposition is clear from the definitions of points, lines and the in-
cidence relation.

PRroOPOSITION 16. P is Desarguesian.

Proof. We shall apply a theorem of Gleason [5] which says that a projec-
tive plane is Desarguesian if for any point P and for any line L passing
through P there is a collineation 1 which leaves every point on L and every
line passing through P fixed. Let P be any point. Then every line L’ passing
through P is contained in a 2-Sylow subgroup of the normalizer M of P.
Hence every element of P leaves every such line invariant. By the duality
every element of L leaves every point on L fixed. Hence every element of
LNP leaves all points of L as well as all lines through P invariant. If P
is on L then LNP contains a collineation 1 by definition. Hence our
projective plane @ satisfies the assumption of Gleason’s theorem (loc. cit.)
and hence @ is Desarguesian.

From a property of Desarguesian planes the ground field F of @ has
exactly ¢ elements: F=GF(q). If ¢=2#, the order of the group G* of all the
collineations of @ is ug®(¢2—1)(¢g*—1). G* contains a normal subgroup G, of
index u consisting of all the linear transformations. By Proposition 15 G*
contains a subgroup isomorphic with G. Hence we may consider G itself as a
subgroup of G*. Let Gy =GNG,. Then the index [Gy: G:] is not larger than p.
The only subgroup of G, with index <gq is Gy itself or the normal subgroup of
index 3 (if ¢g=1 (mod 3)). This may be proved by using the fact G, has at
most 3 characters of degree <gq (cf. the table of characters for Go obtained
by Steinberg [6]). Suppose Gi7#G,. Then [Go: G1]=3. Since G has the same
order as Go by Proposition 10, we have [G: Gi]=3. Gy =GG, is a subgroup of
G* generated by G, and a semi-linear transformation g such that ao(\, u, »)
=(\?, u°, »°) where ¢ is an automorphism of F over F’ and [F: F']=3.Giis
the subgroup of G, consisting of linear transformations with determinant 1.
If C is the center of a 2-Sylow subgroup Q of G, C is a subgroup of G; and the
centralizer of C in G, is of order ¢%(¢—1)/3. Hence the centralizer of C in G
contains an element p such that p(\, u, ) =(\°, u? v°)4 where 4 is a 3X3
matrix with coefficients in F. Since p commutes with every involution in C
we have I(a®)A =AI(a) for any aEF, where I(a)=M(0, e, 0; 1) in the
notation of the first section. This is however impossible. Hence G, must coin-



1959] ON CHARACTERIZATIONS OF LINEAR GROUPS, II 219

cide with Go. Therefore we have GDG,. By Proposition 10, G has the same
order as G, and hence we conclude G =G,. Thus we have shown the following
final proposition.

ProrosiTION 17. Let G be a finite group satisfying the conditions (A), (B)
and (C). Then G is isomorphic with the group of all linear fractional transforma-
tions of 2 variables over the finite field F of q elements.

Together with the result of [7] (cf. §3) we get the main theorem stated in
the introduction.
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